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Starting with the framework of conventional elastoplastic damage mechanics, a class of stochastic
damage constitutive model is derived based on the concept of energy equivalent strain. The stochastic
damage model derived from the parallel element model is adopted to develop the uniaxial damage
evolution function. Based on the expressions of damage energy release rates (DERRs) conjugated to the
damage variables thermodynamically, the concept and its tensor formulations of energy equivalent strain
is proposed to bridge the gap between the uniaxial and the multiaxial constitutive models. Furthermore,
a simpliﬁed coupling model is proposed to consider the evolution of plastic strain. And the analytical
expressions of the constitutive model in 2-D are established from the abstract tensor expression. Several
numerical simulations are presented against the biaxial loading test results of concrete, demonstrating
that the proposed models can reﬂect the salient features for concrete under uniaxial and biaxial loading
conditions.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Numerical simulation of concrete structures has attracted inter-
ests for over four decades. Meanwhile almost all the breakthroughs
of solid mechanics have been adopted to construct or reconstruct
analytical models of concrete materials. However, except for sev-
eral remarkable progress and achievements, the constitutive mod-
eling and nonlinear analysis of concrete structures are still quite
challenging problems. The elaborate modeling of concrete perfor-
mances, which is able to reproduce the complete range of mechan-
ical properties of concrete subjected to external effects in a
consistent manner, remains a somewhat controversial subject.
In the recent 20 years, the formulation of continuum damage
mechanics (CDM) has been introduced to nonlinear constitutive
modeling of concrete materials. Due to its solid foundation of irre-
versible thermodynamics and relevant consideration of physical
mechanisms, CDM provides a powerful framework for the con-
struction of constitutive models for concrete. Furthermore, in order
to capture the essential characteristics of concrete bearing damage
and failure, e.g. the different behaviors under tension and compres-
sion, the unilateral effect, the residual strain after unloading, the
strain stiffening in tension and stress softening in compression,
several creative techniques were introduced to reform the classical
framework of CDM. For example, Mazars (1984, 1986) proposed all rights reserved.
gineering, Tongji University,
el.: +8602165983526; fax:bi-scalar model to represent the degradation of concrete under
tensile and compressive loading, respectively. Ju (1989) developed
a coupled plastic damage model to describe the strengthening of
concrete multiaxial compression and remnant strain in repeated
loading. Faria et al. (1998) proposed the split of the effective stress
tensor to account for different nonlinear performances of concrete
under tension and compression in cyclic loading. And Wu et al.
(2006) and Wu and Li (2007) introduced the formulation of elasto-
plastic damage release rate and developed a framework of plastic
damage model for concrete. However, CDM just provides the the-
oretical framework of constitutive modeling for a wide range of
softening materials. For a speciﬁc material like concrete, its dam-
age evolution function could not be proposed within the frame-
work of CDM. The principle of irreversible thermodynamics,
which is the foundation of CDM, just speciﬁes the necessary condi-
tion of damage evolution by using inequality. Hence the empirical
damage evolution functions are widely adopted in most of the
CDM based material models, in which many empirical parameters
without clear physical meanings are required.
Another possible approach for development of damage evolu-
tion function is the micro-mechanical models, which take into ac-
count the micro-ﬂaws and cracks in the solids. Actually, concrete is
a kind of complex composite material made up of water, cements,
aggregates and admixtures. During its solidiﬁcation process, ran-
domly scattered micro-cracks and voids are nucleated due to the
shrinkage of cement matrix and evaporation of pore water. When
subjected to external loads the evolution and the propagation of
the initial damage result in the nonlinearity of the stress–strain
relationship of concrete. On the other hand, due to the random
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age evolution for concrete should be considered and accordingly
the stochastic damage model for concrete should be developed
through the micro-mechanical approach. The most widely used
stochastic micro-mechanical model is the parallel element model.
In the early literatures (Peirce, 1926; Daniels, 1945; Krajcinovic
and Silva, 1982; Krajcinovic, 1996), this model was proposed to de-
scribe the progressive damage propagation of a brittle rod sub-
jected to uniaxial loading. According to this model, it is assumed
that the stiffness of all the elements is identical whereas the rup-
ture strengths are independent and identically distributed (i.i.d.)
random variables. The monotonic load–displacement behavior of
the brittle materials can then be calculated through the stochastic
averaging approaches. In 1996, Kandarpa et al. proposed an ex-
tended model to represent the randomness of strength and the
load–displacement relationship of brittle materials. In this model,
the failure strengths of the micro-elements are modeled as a 1-D
random ﬁeld. With proper selection of the distribution for the rup-
ture strength and the spatial correlation for the random ﬁeld, the
statistics including the mean value and variance of the load–dis-
placement relationships are analytically derived in the macro scale.
Li and Zhang (2001) and Li et al. (2003) deﬁned the fracture strain
of the element as a 1-D random ﬁeld, based on which the uniaxial
stochastic damage model for concrete was developed. However,
under the multi-axial loading condition, it is hard to derive the
compact analytical expressions of damage evolution within the
frame of micromechanical theory.
The present paper aims at providing a novel stochastic damage
model of concrete that is established based on the framework of
CDM with the damage evolution function developed through the
stochastic micro-mechanical approach. The present model could
not only reﬂect the nonlinear behaviors but also capture the sto-
chastic features of concrete. Moreover, it ﬁts well with the experi-
mental observations including the nonlinear stress–strain curves
and stochastic ﬂuctuation measures.
In Section 2, an energy release rate based plastic damage model
is adopted as the continuum framework. According to this model, a
tensile damage variable and a shear damage variable leading to a
fourth-order damage tensor are chosen to represent the degrada-
tion of the mechanical properties of concrete. A decomposition of
the effective stress tensor is presented thereafter to deﬁne an elas-
tic Helmholtz free energy (HFE), after which the plastic-damage
constitutive relation with internal variables is derived. Addition-
ally, the theoretical as well as empirical evolution laws of plastic
strain are proposed. In Section 3, the stochastic damage evolution
function is developed based on the parallel element model. Both
the mean value and standard deviation for damage evolution are
derived. Section 4 is devoted to developing the expressions of en-
ergy equivalent strain to bridge the gap between the continuum
damage framework and the micro-mechanics based stochastic
damage evolution function. In order to improve the practical appli-
cability of this model, analytical expressions are derived from the
abstract tensor representation in Section 5. The numerical results
in Section 6 reveal that the proposed stochastic damage model in
this paper could reﬂect the multi-dimensional nonlinearity and
the randomness of concrete as well as ﬁt well with the experimen-
tal observations.2. Continuum damage framework
2.1. Damage variables and their expressions
According to the principle of strain equivalence (Lemaitre,
1971; Ju, 1989), the effective stress tensor;r in damaged material
may be described asr ¼ C0 : ee ¼ C0 : ðe epÞ ð1Þ
where C0 denotes the usual fourth order isotropic linear-elastic
stiffness; e, ee and ep are rank-two tensors, denoting the strain ten-
sor and its elastic and plastic components, respectively.
To account for the unilateral effect, the effective strain tensor is
decomposed as follows:
r ¼ rþ þ r ð2Þ
rþ ¼ Pþ : r ð3Þ
r ¼ r rþ ¼ P : r ð4Þ
where the fourth-order projection tensors P+ and P are expressed
as (Faria et al., 1998)
Pþ ¼
X
i
H bri ðpi  pi  pi  piÞ ð5Þ
P ¼ I Pþ ð6Þ
in which I is the forth order identity tensor; bri and pi denote the ith
eigenvalue and eigenvector of the effective stress tensor r, respec-
tively; H() is the Heaviside function, which is deﬁned as
HðxÞ ¼ 0 x < 0
1 xP 0

ð7Þ
To establish the intended constitutive law, an elastic Helmholtz free
energy (HFE for short) potential should be introduced as function of
the free and internal variables. The initial elastic HFE potential we0 is
deﬁned as the elastic strain energy. It can be written as the summa-
tion of its positive and negative components ðweþ0 ;we0 Þ considering
the decomposition of the effective stress tensor in Eqs. (2)–(4)
we0 ¼
1
2
r : ee ¼ 1
2
rþ : ee þ 1
2
r : ee ¼ weþ0 þ we0 ð8Þ
where the superscript ‘‘e” refers to ‘‘elastic” whereas the subscript
‘‘0” refers to ‘‘initial” states.
Considering the tensile and shear mechanisms for degradation
of the macro-mechanical properties under tensile and compressive
loading conditions, two damage scalars, d+ and d, are adopted
here and therefore the elastic HFE with the form
weðee; dþ; dÞ ¼ weþðee; dþÞ þ weðee;dÞ ð9Þ
can be postulated, where we+ and we are deﬁned as
weðee;dÞ ¼ ð1 dÞwe0 ð10Þ
with symbol ‘‘±” denoting ‘‘+” or ‘‘-” as appropriate.
The total elasto-plastic HFE potential could be deﬁned as the
sum of the elastic component we and plastic component wp (Li
and Wu, 2004; Wu et al., 2006), that is
wðee;j; dþ; dÞ ¼ weðee;dþ;dÞ þ wpðee;j;dþ;dÞ ð11Þ
where j denotes a suitable set of plastic variables; the plastic HFE
potential wp is deﬁned as
wpðee; j;dþ;dÞ ¼ wpðee; j;dÞ ¼ ð1 dÞwp0 ¼ ð1 dÞ
Z ep
0
r : dep
ð12Þ
According to the second principle of thermodynamics, any arbitrary
irreversible process satisﬁes the Clausius–Duheim inequality, of
which the reduced form is
_c ¼  _wþ r : _eP 0 ð13Þ
Differentiating both sides of Eq. (11) with respect to time yields
_w ¼ ow
e
oee
: _ee þ ow
odþ
_dþ þ ow
od
_d þ ow
p
oj
 _j ð14Þ
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elastic processes, for any admissible process the following condi-
tions have to be fulﬁlled:
r ¼ ow
e
oee
ð15Þ
_cd ¼  ow
odþ
_dþ þ ow
od
_d
 
P 0 ð16Þ
_cp ¼ r : _ep  ow
p
oj
 _jP 0 ð17Þ
From Eq. (15) it can be clearly seen that here the Cauchy stress ten-
sor is only dependent on the elastic HFE potential, which is a variant
to Faria et al. (1998) where the total one are considered.
Substituting the elastic HFE potential in Eqs. (8)–(11) in Eq. (15)
leads to
r ¼ ð1 dþÞPþ : rþ ð1 dÞP : r ¼ ðI dþPþ  dPÞ : r ð18Þ
It is then possible to obtain a ﬁnal form for the constitutive law,
which is a very visual expression for the Cauchy stress tensor r
(Li and Wu, 2004)
r ¼ ðI DÞ : r ¼ ðI DÞ : C0 : ee ¼ ðI DÞ : C0 : ðe epÞ ð19Þ
where the fourth-order damage tensor D is given by
D ¼ dþPþ þ dP ð20Þ
From Eq. (16), the tensile and the shear damage energy release rate
(DERR) Y+ and Y, conjugated to the corresponding damage vari-
ables, can be expressed as
Y ¼  ow
od
ð21Þ
Eq. (21) shows that the DERRs depend on the total elasto-plastic
HFE potential, not just on the elastic one as in the classical damage
model of Lemaitre (1971). Further, substituting Eqs. (10)–(12) in Eq.
(21), one obtains
Yþ ¼ weþ0 ð22Þ
Y ¼ we0 þ wp0 ð23Þ
Thus the coupled plastic damage model can be proposed based on
deﬁnition of elasto-plastic DERRs.
2.2. Evolution model for plastic strain
Different types of plasticity models combined with damage
expressions have been proposed in the literatures. Among them
one family of models relies on the stress-based plasticity formu-
lated in the Cauchy stress space, say Simo and Ju (1987), Lubliner
et al. (1989) and Carol et al. (2001). However, the Cauchy stress
may descend due to the softening property of concrete, which will
result in local concave and global shrinkage of the plastic potential
function. It is difﬁcult to conduct reliable numerical simulation un-
der this situation. Another family of models is based on the plastic-
ity formulated in the effective stress space, say Ju (1989), Lee and
Fenves (1998), Faria et al. (1998), Li and Wu (2004) and Jason
et al. (2006). The effective stress represents the micro-stress on
the undamaged material. Hence the plastic potential function will
keep expanding throughout the loading process and thus it is con-
venient to develop reliable numerical algorithms for this model.
According to the ‘‘effective stress space plasticity”, the evolution
law of plastic strain is expressed as follows:
_ep ¼ _kp oF
p
or
ð24Þ
_j ¼ _kpH ð25Þ
Fp 6 0; _kp P 0; _kpFp 6 0 ð26Þwhere Fp is the plastic potential, which is the yield function in the
associated ﬂow rule; kp is the plastic ﬂow parameter; H denotes
the vectorial hardening function.
The Drucker–Prager function is adopted as the plastic potential
function as follows:
Fp ¼ aI1 þ
ﬃﬃﬃﬃﬃﬃﬃ
3J2
q
ð27Þ
where I1 is the ﬁrst invariants of r; J2 is the second invariants of s,
the deviatoric components of r; a is material parameter.
Considering Eq. (24), the initial plastic HFE potential could be
expressed as
wp0 ¼
Z ep
0
r : dep ¼
Z kp
0
r :
oFp
or
dkp ð28Þ
Then substituting Eq. (27) in Eq. (28) yields
wp0 ¼
Z kp
0
r :
o aI1 þ
ﬃﬃﬃﬃﬃﬃﬃ
3J2
q 
or
dkp ¼ b
2E0
3J2 þ aI1 
ﬃﬃﬃﬃﬃﬃﬃ
3J2
q
 1
2
Iþ1 I

1
 
P 0 ð29Þ
where b ¼ 43 kpE0=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s : s
p
P 0 is deﬁned as the material parameter.
Wu et al. (2006) proposed a vectorial hardening function as
follows:
H ¼ diag½w;ð1wÞ oF
p
or
 
ð30Þ
where diag[] is a diagonal matrix; w is the weight factor expressed
as
w ¼
P3
i¼1hriiP3
i¼1jrij
ð31Þ
Here ri is the ith eigenvalue of the effective stress r; the symbol hi
is the Macaulay bracket deﬁned as
hxi ¼ ðxþ jxjÞ=2 ð32Þ
Although the ‘‘effective stress space plasticity” provides a strict
framework to represent the evolution of plastic strain, its numerical
implementation is sometimes time consuming and unstable during
iterative solving process. Therefore, the above theoretical plastic
model is usually just adopted to establish the expression of plastic
HFE potential. In practical applications, on the other hand, some
empirical plastic models which were usually more tractable were
adopted to calculate the numerical values of plastic strain. For
example, Dahlblom and Ottosen (1990) introduced a fraction d of
the maximum developed principal strain. The plastic strain takes
the form
ep ¼ demax ð33Þ
Faria et al. (1998) proposed an evolution law for the plastic strain
ep ¼ bE0Hð _dÞ hr :
_ei
r : r
: C10 : r ð34Þ
where besides the Young’s modulus E0, a material parameter b > 0 is
introduced in order to control the rate intensity of plastic deforma-
tion. The Macaulay brackets enable one to set a non-negative value
for the product r : _e.
Considering the coupling of damage and plasticity, we propose
a practical plastic evolution model taking the form
ep ¼ C10 : FðDÞ : C0 : e ð35Þ
where F(D) is a forth-order tensor function of damage scalars and
takes the form
O
ε
σ
iΔ
Fig. 2. Stress–strain relationships of micro-elements.
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fp ðdÞ are the scalar functions for the corresponding damage
parameter, and meet the conditions of
fp ðxÞ ¼ 0 if x ¼ 0
fp ðxÞ < 1 if x ¼ 1
fp ðx1ÞP fp ðx2Þ if x1 > x2
8><>: ð37Þ
In the present paper a linear expression for the scalar function
fp ðdÞ is adopted as follows:
fp ðdÞ ¼ np d ð38Þ
where the plastic parameter np matches the criteria
0 6 np < 1: ð39Þ3. Damage evolution function
Although the above macro-continuum damage mechanics
framework could provide a rational procedure to describe the
mechanical behavior of concrete, however, the model cannot
explain the damage evolution rule rationally. Especially, the frame-
work cannot answer such a problem: Why does the curve of dam-
age evolution always exhibit some kind of nonlinearity? In order to
recognize the nonlinearity in the damage evolution process, de-
tailed analysis based on the micro-level investigation is required.
In this section, the micro-parallel element model is introduced
ﬁrstly. By introducing the micro-fracture strain as a basic random
variable, a type of stochastic damage evolution function is
developed.
3.1. Uniaxial stochastic damage model
According to Kandarpa et al. (1996) and Li and Zhang (2001), a
structural element in uniaxial loading condition can be idealized as
a series of micro-elements jointed in parallel (Fig. 1). The elements
are linked with rigid bar on the ends so that each of them bears
uniform deformation during the loading process. It is observed that
the model has two scales: (1) the micro-scale and (2) the macro or
structural scale. The individual element represents the micro-
properties of the material and the element system describes the
macro response. Therefore, complex macro-material behaviors
can be obtained based on the parallel system in which the individ-
ual element is endowed with simple material properties.
Let N denote the total number of micro-elements. The spatial
coordinate of the ith element is i/N (i = 1,2, . . .,N  1). The stress–
strain relationship is assumed as perfect elasto-brittle type with
random fracture strain Di (Fig. 2).x
y
Fig. 1. Parallel element model.In this model, the nucleation and propagation of micro-cracks
inside concrete are simulated by sequential fracture of micro-
elements throughout the entire loading process. Fig. 3 illustrates
the stress–strain responses of the discrete bundle. It is observed
that the bundle exhibits linear stress–strain behavior at the very
beginning. Then the fracture of a micro-element leads to the local
dropdown of stress–strain curve. Before the next fracture, the
stress–strain curve remains linear with a degraded slope, which
could be deﬁned as the secant stiffness. Finally, a saw-toothed
stress–strain curve is developed for discrete bundle due to sequen-
tial but ﬁnite fracture of micro-elements.
Call for the classic deﬁnition of damage in Robotnov (1968)
d ¼ Ad
A
ð40Þ
where Ad and A are the cracked area and the initial undamaged area,
respectively. The damage variable for the parallel element model
can be deﬁned as
dðeeÞ ¼ 1
N
XN1
i¼0
Hðee  DiÞ ð41Þ
where H() is the Heaviside function as in Eq. (7). Taking the limit of
Eq. (41) as N approaches inﬁnity and accounting for the deﬁnition of
stochastic integral, one obtains
dðeeÞ ¼
Z 1
0
H½ee  DðxÞdx¼^ gðeeÞ ð42Þ
where D(x) is the 1-D micro-fracture strain random ﬁeld; x denotes
the spatial coordinate of the micro-element; ande denotes ‘‘deﬁn-
ing as”. When the number of the micro-element N approaches inﬁn-
ity, the discrete parallel element bundle will be translated into a
continuum bundle. It is shown in Fig. 4 that the smooth stress–
strain curve is obtained for the continuum bundle.
Eq. (42) is actually a macro-stochastic damage evolution law.
Suppose D(x) is a homogenous random ﬁeld with the ﬁrst-order
and second-order probability density functions
f ðD; xÞ ¼ f ðDÞ ð43Þ
f ðD1;D2; x1; x2Þ ¼ f ðD1;D2; jx1  x2jÞ ð44Þ
Let u(x) = H[ee  D(x)] be a generating random ﬁeld of D(x). Obvi-
ously, u(x) obeys the (0,1) distribution. That is
P½uðxÞ ¼ 1 ¼ PfH½ee  DðxÞ ¼ 1g ¼ Pf½ee  DðxÞP 0g
¼
Z ee
0
f ðDÞdDeFðeeÞ ð45Þ
P½uðxÞ ¼ 0 ¼ 1 FðeeÞ ð46Þ
where F(ee) is the ﬁrst-order cumulative distribution function of
D(x). Thus the ensemble average of u(x) is
O
ε
σ
O
ε
N → ∞
σ
Fig. 4. Stress–strain responses of discrete bundle and continuum bundle.
ε
σ
ε
σ
ε
σ
ε
σ
ε
σ
Fig. 3. Stress–strain responses of discrete bundle.
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where E[] denotes the expectation operator.
The two-dimensional distribution of u(x) could be obtained as
follows:
P½/ðx1; x2Þ ¼ 1 ¼ P½uðx1Þuðx2Þ ¼ 1 ¼ P½uðx1Þ ¼ 1 \uðx2Þ ¼ 1
¼ P½D1ðxÞ 6 ee \ D2ðxÞ 6 ee
¼
Z ee
0
Z ee
0
f ðD1;D2; jx1  x2jÞdD1dD2
eFðee; ee; jx1  x2jÞ ð48Þ
P½/ðx1; x2Þ ¼ 0 ¼ 1 Fðee; ee; jx1  x2jÞ ð49Þ
where F(ee,ee;jx1  x2j) is the second-order cumulative distribution
function of D(x). Therefore the ensemble average function of /
(x1,x2) as well as the autocorrelation function of u(x) is
Ruðx1; x2Þ ¼ E½uðx1Þuðx2Þ ¼ E½/ðx1; x2Þ ¼ Fðee; ee; jx1  x2jÞ ð50Þ
It is concluded that the generated ﬁeld u(x) is homogenous random
ﬁeld in a wide sense.
Performing expectation operator on Eq. (42) and considering Eq.
(47), we obtain the expectation of the damage scalar d(ee)
ldðeeÞ ¼ E
Z 1
0
uðxÞdx
	 

¼
Z 1
0
E½uðxÞdx ¼
Z 1
0
FðeeÞdx ¼ FðeeÞ
ð51Þ
The variance of d(ee) is given byV2d ¼ E½dðeeÞ2  ½ldðeeÞ2 ¼ E
Z 1
0
uðxÞdx
	 
2
 ½ldðeeÞ2 ð52Þ
Using the properties of mean square stochastic integral and double
integral, one gets
E
Z 1
0
uðxÞdx
	 
2
¼
Z 1
0
Z 1
0
Ruðx1; x2Þdx1 dx2
¼
Z 1
0
Z 1
0
Fðee; ee; jx1  x2jÞdx1 dx2
¼ 2
Z 1
0
ð1 cÞFðee; ee; cÞdc ð53Þ
where c = jx1  x2j.
Therefore, Eq. (52) could be rewritten as
V2d ¼ E½dðeeÞ2  ½ldðeeÞ2 ¼ 2
Z 1
0
ð1 cÞFðee; ee; cÞdc FðeeÞ2 ð54Þ
If D(x) is an independent random ﬁeld, then
Fðee; ee; cÞ ¼ ½FðeeÞ2 ð55Þ
Hence the variance function is
V2d ¼ 2
Z 1
0
ð1 cÞFðeeÞ2 dc FðeeÞ2 ¼ 0 ð56Þ
This means that ignoring the spatial correlation of the micro-frac-
ture strain ﬁeld will lead to deterministic damage evolution model.
Therefore, the spatial correlation of D(x) should be taken into
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deviation of D(x), respectively. Suppose Z(x) = lnD(x) be a normal
random ﬁeld with the ﬁrst-order parameter (k,f). Then the relations
among parameters can be given as follows:
k ¼ E½lnDðxÞ ¼ ln lDﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ r2D=l2D
p ! ð57Þ
f2 ¼ Var½lnDðxÞ ¼ lnð1þ r2D=l2DÞ ð58Þ
It is deduced that D(x) is a lognormal random ﬁeld with the ﬁrst-or-
der cumulative distribution given by
FðeeÞ ¼ U ln e
e  k
f
	 

eUðaÞ ð59Þ
where U() is the cumulative distribution function of a standard
normal distribution. Consider exponential auto-correlation coefﬁ-
cient function for Z(x) as follows:
qzðcÞ ¼ expðncÞ ð60Þ
Then the second-order cumulative distributed function of D(x) is
Fðee; ee; cÞ ¼ U ln e
e  k
f
;
ln ee  k
f
jqz
 
eUða;ajqzÞ ð61Þ
where U(y1,y2jq) is the standard expression of a second-order
cumulative distributed function for two-dimensional normal distri-
bution, which is deﬁned as double integral of its second-order prob-
ability density function. In addition, the 2-D function U(a,ajqz)
could be reduced to a 1-D integral expression by introducing (Zhang
and Fang, 1982)
Uða;ajqzÞ ¼ UðaÞ 
1
p
Z b
0
1
1þ t2 exp 
a2
2
ð1þ t2Þ
	 

dt ð62Þ
where the upper limit of integral is given by
b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 qz
1þ qz
s
ð63Þ
Three parameters (k,f,n) are introduced in the parallel element
model to represent the stochastic damage evolution under uniaxial
loading. As is well known, the performance of concrete depends to a
large degree on the loading condition. Thus it is reasonable that two
groups of parameters are introduced to describe the damage evolu-
tions under tension and compression, respectively. In the present
paper, (k+,f+,n+) denotes the tensile material parameter triple re-
lated to the evolution of d+, whereas (k,f,n) denotes the com-
pressive material parameter triple related to the evolution of d.
By the way, damage and failure under uniaxial compression are
mainly due to the shear damage mechanism, hence the triple
(k,f,n) is also referred as the shear material parameters.
3.2. Parameter identiﬁcation
As we known, there are considerable experimental difﬁculties
in determining the full process multiaxial performance of concrete.
Nonetheless, the material parameters introduced in the above
model could be identiﬁed through the results of uniaxial tests.
Since the formulation system of the present model exhibits high
nonlinear behaviors even during the uniaxial loading, direct
parameter identiﬁcation algorithms such as the least square meth-
od are not reliable for the subsequent structural simulation. There-
fore, the optimizing algorithm is adopted to identify the two
groups of material parameters ðE0; k; f; n; np Þ based on the re-
sults of uniaxial tensile and compressive tests, respectively. The
stochastic modeling principle could be expressed as follows:Jm ¼ ½EðxÞ  EðxÞT ½EðxÞ  EðxÞ !min ð64Þ
Jv ¼ ½VarðxÞ  VarðxÞT ½VarðxÞ  VarðxÞ !min ð65Þ
where Jm and Jv are the optimizing objective functions based on the
mean value and variance, respectively; E() is the expectation oper-
ator; Var() is the variance operator; x denotes the experimental
result; and x is the simulation results based on certain values of
parameters.
4. Energy equivalent strain
In order to bridge the gap between the micro-model, i.e. the
one-dimensional model, and the macro-model, i.e. the multi-
dimensional CDMmodel, described as above two sections, the con-
cept of energy equivalent strain is introduced which could be de-
rived from the damage energy release rate (DERR) described in
Section 2.
According to Eqs.(8), (22), (23) and (29), the DERRs are proposed
as (see Li and Wu, 2004; Wu et al., 2006)
Yþ ¼ weþ0 ¼
1
2E0
2ð1þ v0Þ
3
3Jþ2 þ
1 2v0
3
Iþ1
 2  v0Iþ1 I1  ð66Þ
Y ¼ w0 ¼ we0 þ wp0  b0 aI1 þ
ﬃﬃﬃﬃﬃﬃﬃ
3J2
q	 
2
ð67Þ
where I1 are the ﬁrst invariants of r
; J2 are the second invariants of
s, the deviatoric components of r; v0 denotes the Poisson’s ratio;
b0 and a are material parameters determined from multiaxial
experimental data.
According to the thermo-dynamic theory, the damage evolution
function could be deﬁned as (Wu et al., 2006)
d ¼ gY ðYÞ ð68Þ
However, the traditional thermo-dynamics theory cannot specify
the explicit form of the function g(). In most of the CDM based
models, the empirical damage evolution functions are widely
adopted. On the other hand, noticing the monotonic increasing
characteristic of damage, we could determine that there exists a
one to one map between g and Y. This means that for two stress
states, if the initial damage states are equal, then for the same in-
creased damage released energy in the damage process, the corre-
sponding damage will be the same no matter the materials are in
one-dimensional stress state or in multi-dimensional stress state.
We call this background as the damage consistent condition.
Actually, the DRREs are scalar functions of effect stress and elas-
tic strain as follows:
Y ¼ YðrÞ ¼ YðeeÞ ¼ Yðee1; ee2; ee3Þ ð69Þ
Combining Eqs. (68) and (69), it is easy to derive a multivariate
function between the damage scalar d± and the principal elastic
strains ðee1; ee2; ee3Þ.
According to the above section, one-dimensional damage evolu-
tion rule could be expressed as
d ¼ gðeeÞ ¼
Z 1
0
H½ee  DðxÞdx ð70Þ
Their evolution law in the sense of the mean value and standard
deviation could be demonstrated through Eqs. (51) and (54).
On the other hand, it is easy to understand that the damage
scalars d± in the 3-D loading condition should be determined to-
wards a given set of principal elastic strains ðee1; ee2; ee3Þ, along an
arbitrary loading path C. This means that a 4-D damage evolution
surface should be established based on the 3-D damage evolution
surface within coordinate space. For the sake of simplicity, Fig. 5
only illustrates the damage evolution manifold in the 2-D strain
1
eε
2
eε
d ±
1 2( , )e eε ε
d
( )ed g ε± ±=
1 2( ) ( , )e eYd g Y g ε ε± ± ± ±= =
A
O
B
C
D
E
( )ed g ε± ±=
1 2( , )e eY Constε ε± =
Γ
damage evolution curve 
in one-dimensional 
damage evolution curve 
in one-dimensional 
damage evolution manifold 
loading path 
Fig. 5. Geometry structure of damage evolution.
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must exist an iso-line along which the damage energy release
rate and the corresponding damage scalar keep invariant. Notic-
ing Eq. (68), the iso-line could be derived by solving the following
equation:
Yðee1; ee2Þ ¼ const: ð71Þ
It is clearly that along the curve determined by Eq. (71), the damage
scalar d± remains constant.
For a given pair of principal elastic strainsðee1; ee2Þ, an equivalent
uniaxial strain ee is easily obtained. We deﬁne this equivalent uni-
axial strain as ‘‘energy equivalent strain”.
Actually, for the uniaxial loading ðr2 ¼ 0; r3 ¼ 0Þ, the foregoing
Eqs. (66) and (67) can be rewritten as
yþðeeþÞ ¼ E0
2
ðeeþÞ2 ð72Þ
yðeeÞ ¼ b0 a 1ð ÞE0ee½ 2 ð73Þ
where y± are the DERRs expressions related to the uniaxial loading.
According to the damage consistent condition, the energy equiva-
lent strain could be solved based on the following equation
Yðee1; ee2; ee3Þ ¼ const: ¼ yðeeÞ ð74Þ
Substituting Eqs. (72) and (73) in (74), the energy equivalent elastic
strains become
eeþ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Yþ
E0
s
ð75Þ
ee ¼ 1
a 1ð Þ
ﬃﬃﬃﬃﬃﬃ
Y
b0
s
ð76Þ
Noticing Eqs. (35)–(39), we obtain the expressions of energy equiv-
alent strain as follows:
e ¼ e
e
1 np d
ð77Þ
Substituting Eqs. (75) and (76) in (42), the multi-dimensional dam-
age evolution functions are established as
d ¼ gðeeÞ ¼
Z 1
0
H½ee  DðxÞdx ð78Þ5. Model veriﬁcation
Usually, the numerical results in various loading conditions
should be presented to illustrate the applicability and effectiveness
of the proposed model. Simultaneously, the results obtained by the
suggested model should be compared with the corresponding
experimental results to verify its performance. However, due to
lack of stress–strain experimental data under multiaxal loading
condition, the multi-dimensional responses of the proposed mate-
rial model often veriﬁes in the structural scale. It is clear that the
gap between the material scale and the structural scale signiﬁ-
cantly degrades the reliability of veriﬁcation conclusions. In other
words, the local stress strain responses simulated by the theoreti-
cal model may be far from accurate, even though perfect agree-
ment is obtained in the force-deformation behaviors in certain
points of structures. Thus the proposed constitutive law is exam-
ined using the ‘‘elementary” test data in the present paper.
5.1. Algorithmic aspects
In contrast to the damage constitutive equations which are
explicit once the elastic strains are given, Eq. (35) is implicit in
the plastic part of the model and requires an iterative process in
the solution. Fortunately, the total strain expressions for plastic
strain evolution are more robust and reliable than the differential
models in numerical implementation procedure. With Eqs. (19),
(35), (36) and (38) in mind, the expressions for the total strain e
and the elastic strain ee is deduced as
e ¼ I C10 : nþp dþðeeÞPþ þ np dðeeÞP
h i
: C0
n o
: ee ð79Þ
For a given total strain tensor e, appropriate numerical algorithms,
such as the Newton–Raphson method, the modiﬁed Newton meth-
od, etc. could be used to solve the nonlinear implicit Eq. (79) for the
elastic strain ee. Actually, the mean values of the damage scalars ld
are calculated during the iterative process. After that the variance
Vd could be evaluated through the deﬁnition of energy equivalent
strain. Finally, the mean value and variance of the Cauchy stress
tensor r are ﬁgured out based on e, ee, ld and Vd .
5.2. Brief introduction to biaxial experiment
Because the high-performance concrete (HPC) is superior to or-
dinary concrete in strength, toughness, workability, durability, etc.,
Fig. 6. Experimental setup of biaxial loading.
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buildings, long-span bridges and other signiﬁcant structures such
as the nuclear reactor containment, thus considerable attention
has been attracted to relevant ﬁelds. A systematic experimental re-
search was carried out by the authors to investigate the mechani-
cal properties of HPC (Ren et al., 2008). The behaviors of HPC
specimens, with the dimension of 150  150  50mm, subjected
to uniaxial and biaxial loading were investigated in this research.0 100 200 300 400 500 600
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
σ
 
(M
Pa
)
ε (1.e-6)
 Exp. Mean
 Exp. STD
 Theory Mean
 Theory STD
(a) Mean and standard deviation for stresses 
0 100 200 300 400 500 600
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
σ
 
(M
Pa
)
ε (1.e-6)
 Theory Mean
 Theory Mean-STD
 Theory Mean+STD
 Test results
(b) Analytically predicted variability 
Fig. 7. Monotonic uniaxial tension tests.Total 91 plate specimens were tested in four different loading con-
ditions including the uniaxial tension, uniaxial compression, biax-
ial tension and compression on the Instron 8506 close-loop testing
machine (Fig. 6). Uniaxial and biaxial complete stress–strain curves
were obtained under strain control loading scheme. During the
biaxial loading process, the ratio between global strains measured
in different loading directions maintained a constant value. For
each biaxial loading case, three different biaxial strain ratios0 -1000 -2000 -3000 -4000 -5000 -6000
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Fig. 8. Monotonic uniaxial compression tests.
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sion loading. And the loading rates adopted in uniaxial as well as
biaxial tests were very low to ensure the stability of crack propaga-
tion and avoid strain rate effect. The ultimate strength envelopes in
both stress and strain space were developed through parameter
identiﬁcation of the complete stress–strain curves.
5.3. Monotonic uniaxial tests
(1) Uniaxial tension: The material parameters identiﬁed based
on test results are: E0 = 37,559 MPa, k+ = 4.92, f+ = 0.30,
n+ = 40 and nþp ¼ 0:70. It is observed form Fig. 7 (a) and (b)
that the simulation results agree well with the testing data
both in the sense of the mean value and standard deviation
(STD).
(2) Uniaxial compression: The parameters of material properties
identiﬁed for the simulations are: E0 = 37,559 MPa, k = 7.77,
f = 0.37, n = 50 and np ¼ 0:20. It is found that good agree-
ment with experimental results is obtained. Both the mean
value and the STD are well reproduced (Fig. 8).5.4. Monotonic biaxial tests
The proposed model is also veriﬁed with our experimental
results of biaxial compression (r3 = 0). Based on the material0 -1000 -2000 -3000 -4000 -5000 -6000 -7000 -8000
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Fig. 9. Monotonic biaxial tests (e2/e1 = 1/1).parameters identiﬁed through the former uniaxial experimental
data, predicted biaxial stress–strain curves in sense of mean value
and standard deviation are simulated and shown in Figs. 9–11.
It is noted that the simulated curves in the primary loading
direction agree well with the experimental data both in the sense
of the mean value and STD. However, the rehardening of concrete
after entering the softening stage in the secondary loading direc-
tion, which is observed in our experiment, is difﬁcult to simulate
precisely using the present model. In our opinion, the combined
action between the shear dilation and the compressive deforma-
tion lead to the reascension. Hence if we intend to simulate such
phenomenon through damage approach, the shear dilation of con-
crete material should be carefully taken into account.
5.5. Biaxial envelope
Based on the parameters identiﬁed in preceding section, the
biaxial peak stress envelopes predicted by the present model are
plotted in Fig. 12, together with the testing results including Kup-
fer et al. (1969), Tasuji et al. (1978), Li and Guo (1991), Lee et al.
(2003) and our own experiments. It is shown that most of the test-
ing points are located in the domain between Mean + STD and
Mean  STD curves. Therefore, it can be concluded that the pro-
posed model is applicable in the analysis of structures bearing
multi-dimensional excitations and damages.0 -1000 -2000 -3000 -4000 -5000 -6000 -7000 -8000
0
-10
-20
-30
-40
-50
-60
-70
σ
 (M
pa
)
ε1 (10
-6)
 Exp.   data    σ1-ε1
 Exp.   data    σ2-ε1
 Present Model   σ1-ε1
 Present Model   σ2-ε1
(a) Biaxial stress-strain curves 
0 -1000 -2000 -3000 -4000 -5000 -6000 -7000 -8000
0
-10
-20
-30
-40
-50
-60
-70
-80
σ
1 (
 M
Pa
)
ε
1
 (1.e-6)
 Theory Mean
 Theory Mean+STD
 Theory Mean-STD
 Exp. data
(b) Analytically predicted variability 
in primary loading direction 
Fig. 10. Monotonic biaxial tests (e2/e1 = 0.4/1).
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Fig. 11. Monotonic biaxial tests (e2/e1 = 0.1/1).
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Considering the nonlinearity and randomness of concrete mate-
rials simultaneously, a stochastic damage constitutive model is
proposed in the present paper. Within the framework of damage
mechanics, two damage scalars are adopted to describe the degra-
dation of the macro-mechanical properties of concrete. A uniaxial
stochastic damage model is adopted to represent the coupling be-
tween the nonlinearity and randomness, where an empirical model
is employed to describe the evolution of plasticity. Based on the
damage energy release rates (DERRs), the energy equivalent strain
is deﬁned to bridge the gap between the one-dimensional and
multi-dimensional constitutive law. Finally, the numerical predic-
tions are veriﬁed by comparison with the testing results. Based on
the formulations and simulations, several conclusions could be
drawn:
(1) The bi-scalar CDM framework proposed in this paper could
represent the nonlinear behaviors of concrete through a uni-
ﬁed theoretical approach.
(2) Based on the deﬁnition of energy equivalent strain, the
multi-dimensional stochastic damage evolution could be
established. The agreement between simulated biaxial enve-
lopes and the experimental data shows that the proposed
model is able to reproduce the multi-dimensional stochastic
nonlinear behaviors of concrete.
(3) The randomness of multiaxial strength predicted using
the present model is of great importance to predict the reli-
ability of concrete structure under multiaxial loading
condition.
(4) Combining with appropriate method for stochastic response
analysis of nonlinear structures, the present model could
simulate the subtle stochastic response of concrete
structures.Acknowledgments
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appreciated.Appendix A. Two-dimensional stochastic damage formulations
It is clear that the tensor formulations are extremely conve-
nient to develop the multi-dimensional constitutive model in a
uniﬁed theoretical representation. But in practical application,
the tensor based programming is not only complicated in data
structure but also time and storage consuming in program execu-
tion. Therefore the vector and matrix representations of constitu-
tive model are usually adopted to optimize the coding structure
and efﬁciency in the ﬁnite element programming. In this section,
the 2-D closed-form analytical formulations of stochastic damage
models are developed. Curves in Fig. A.0 are helpful to establish
the direct physical understanding of the entities rather than rigor-
ous mathematical deﬁnitions in multi-dimensional loading
condition.
The 2-D stochastic damage model could be expressed by the fol-
lowing two equations:
Loading equation
r1
r2
 
¼ Ks
e1
e2
 
ðA:1Þ
where Ks is a 2  2 tangential stiffness matrix.
σε
ε
pε eε
dK
sK
* *( , )σ ε
Fig. A.0. Stress–strain curve.
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r1  r	1
r2  r	2
 
¼ Kd
e1  e	1
e2  e	2
 
ðA:2Þ
where Kd is a 2  2 unloading/reloading stiffness matrix; fr	1;r	2gT
is the unloading/reloading stress vector and fe	1; e	2gT is the unload-
ing/reloading strain vector.
As is mentioned in Section 2.1, split of effective stress tensor is
adopted to account for the unilateral effect of concrete in different
tensile and compressive loading conditions. Thus the uniﬁed tensor
formulae are developed using the Heaviside function. But their ex-
panded analytical formulas could not be expressed in a consistent
way due to its discontinuity crossing tensioncompression boundary.
Hence different analytical formulae are developed, respectively, con-
sidering different tension-compression combinations.
A.1. T-T region ðr1 > 0; r2 P 0Þ
In the T-T region of the biaxial loading condition, the value of
the Heaviside function in Eq. (5) could be determined. Then substi-
tuting Eqs. (20) and (36) in the damage constitutive relationship
(19) and considering the deﬁnitions of stiffness matrices in Eqs.
(A.1) and (A.2) will yield the following expressions:
Tangential stiffness matrix
Ks ¼ ð1 dþÞð1 nþp dþÞ
E0
1 v20
1 v0
v0 1
	 

ðA:3Þ
Unloading/reloading stiffness matrix
Kd ¼ ð1 dþÞ E01 v20
1 v0
v0 1
	 

ðA:4Þ
Substituting Eqs. (3) and (4) in Eqs. (66) and (67), one obtains
DERRs
Yþ ¼ 1
2E0
2ð1þ v0Þ
3
ðr21 þ r22  r1 r2Þ þ
1 2v0
3
ðr1 þ r2Þ2
 
¼ E0
2ð1 v20Þ
ðee1Þ2 þ ðee2Þ2 þ 2v0ee1ee2
h i
ðA:5Þ
Y ¼ 0 ðA:6Þ
Then substituting Eqs. (A.5) and (A.6) in Eqs. (75) and (76), the
expressions of energy equivalent strain in the T-T region are derived
as follows:
Energy equivalent strain
eeþ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
1 v20
½ðee1Þ2 þ ðee2Þ2 þ 2v0ee1ee2
s
ðA:7Þ
ee ¼ 0 ðA:8ÞNoticing the stochastic damage evolution function (42) and the
damage loading/unloading conditions, the damage evolution in
the T-T region could be represented as follows:
dþ ¼ gþðrþn Þ ¼
Z 1
0
H½rþn  DþðxÞdx d ¼ 0 ðA:9Þ
rþn ¼ maxs2½0;n e
eþ ðA:10Þ
The derivations of stochastic damage formulations in the C–C and T-
C regions are similar to that in the T-T region.
A.2. C–C region ðr1 6 0; r2 < 0Þ
Tangential stiffness matrix
Ks ¼ ð1 dÞð1 np dÞ
E0
1 v20
1 v0
v0 1
	 

ðA:11Þ
Unloading/reloading stiffness matrix
Kd ¼ ð1 dÞ E01 v20
1 v0
v0 1
	 

ðA:12Þ
Energy equivalent strain
eeþ ¼ 0 ðA:13Þ
ee ¼ 1ð1 v2Þ a 1ð Þ

að1þ v0Þðee1 þ ee2Þ
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðee1 þ v0ee2Þ2 þ ðee2 þ v0ee1Þ2  ðee1 þ v0ee2Þðee2 þ v0ee1Þ
h ir 
ðA:14Þ
Damage evolution
dþ ¼ 0 d ¼ gðrn Þ ¼
Z 1
0
H½rn  DðxÞdx ðA:15Þ
rn ¼ mins2½0;n e
e ðA:16Þ
A.3. T-C region ðr1 P 0; r2 < 0Þ
Tangential stiffness matrix
Ks ¼ E01 v20
ð1 dþÞð1 nþp dþÞ ð1 dþÞð1 nþp dþÞv0
ð1 dÞð1 np dÞv0 ð1 dÞð1 np dÞ
" #
ðA:17Þ
Unloading/reloading stiffness matrix
Kd ¼ E01 v20
ð1 dþÞ ð1 dþÞv0
ð1 dÞv0 ð1 dÞ
" #
ðA:18Þ
Energy equivalent strain
eeþ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
ð1 v2Þ e
e
1ðee1 þ v0ee2Þ
s
ðA:19Þ
ee ¼ 1ð1 v2Þ a 1ð Þ

að1þ v0Þðee1 þ ee2Þ
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½ðee1 þ v0ee2Þ2 þ ðee2 þ v0ee1Þ2  ðee1 þ v0ee2Þðee2 þ v0ee1Þ
q 
ðA:20Þ
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dþ ¼ gþðrþn Þ ¼
Z 1
0
H½rþn  DþðxÞdx d ¼ gðrn Þ
¼
Z 1
0
H½rn  DðxÞdx ðA:21Þ
rþn ¼ maxs2½0;n e
eþ; rn ¼ mins2½0;n e
e ðA:22Þ
It is observed from Eqs. (A.3), (A.4) and (A.11) and (A.12) that
isotropic stiffness matrices are developed in the T-T or C–C region
because a single mode of scalar damage evolution is activated in
each loading condition. On the other hand, tensile and compres-
sive damage evolutions are activated by the effective stresses in
corresponding directions. Thus the anisotropic unsymmetrical
stiffness matrices (Eqs. (A.17) and (A.18)) are established in the
T-C region.Appendix B. Mean and variance
Notice that the damage scalars d+ and d in Appendix I are
random variables. Hence the stochastic properties of stiffness
matrices and stresses should be discussed. Considering the 2-D
expressions developed as above, one observes that the random
evolution of stiffness matrices depend on the following two
entities
Ws ¼ ð1 dÞð1 np dÞ ðB:1Þ
Wd ¼ 1 d ðB:2Þ
Since the expectation and variance of the damage scalars d
could be calculated through Eqs. (51) and (54), the expectation
and variance of Ws and Wd could be expressed in terms of
ld and Vd .
According to the probability theory, one easily gets
EðWdÞ ¼ 1 ld ðB:3Þ
VarðWdÞ ¼ V2d ðB:4Þ
The following two methods are proposed to evaluate the mean va-
lue and variance of Ws:
(i) Direct stochastic uncoupling method (DSUM)It is assumed
that the relation between the ep and e is deterministic, then
the damage variables d± in Eqs. (35)–(38) should be replaced
by their mean value function ld . Thus Ws could be
expressed asWs ¼ ð1 dÞ 1 npld
 
ðB:5Þ
Performing expectation and variance operators on Eq. (70)
gives
EðWsÞ ¼ ð1 ld Þð1 npld Þ ðB:6Þ
VðWsÞ ¼ Vd ð1 npld Þ2 ðB:7Þ(ii) Stochastic truncation method (STM)According to this
approach, Taylor expansions are employed where the third
and higher order terms are omitted in the expectation eval-
uation procedure. Then we haveEðWsÞ ¼ 1 ð1þ np ÞEðdÞ þ np E½ðdÞ2
¼ 1 ð1þ np Þld þ np ½V2d þ ðld Þ2 ðB:8ÞEðWsÞ2  1 2 1þ np
 
E d
 
þ 1þ 4np þ np
 2	 

E d
 2	 

¼ 1 2 1þ np
 
ld
þ 1þ 4np þ np
 2	 

V2d þ ld
 2h i ðB:9Þ
VarðWsÞ ¼ EðWsÞ2  ½EðWsÞ2 ðB:10Þ
Generally speaking, both the DSUM and STM are approximation
methods for statistical estimation. The former is more efﬁcient in
computing whereas the latter gets higher order precision in theory.
Therefore a proper approach should be adopted considering the
balance between efﬁciency and precision. DSUM is adopted in
the former numerical simulations.References
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